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Abstract
With an enormous succession in development of tiny sensors using MEMS and NEMS technology,
developing tiny vehicles drive in the air become center of attention by new researchers. These vehicles
can be utilized in different real time applications. Our research work gives a comprehensive
description of such type of well known vehicle (i.e., quadrotor). We have used Newton-Euler method
to devise mathematical model for quadrotor. We explained the motion of rotors which is not given in
existing work. Our proposed system consists of four controllers including elevation controller, heading
controller, location controller, and PID controller. PD parameters are generated using self tuning
technique. Experimental analysis was done through simulation using MATLAB tool.
Keywords- Quadrotor, Quadcopter, Controller, PID, PD, and self tuning.

I.

INTRODUCTION

Quadrotor were developed initially with an aim to lift the weight [1-2]. The first copter was developed
in 1907 by French brothers named as Jacques and Louis. The first copter known as Gyroplane No. 1
[3], could accommodate only one person and hold the weight up to 1274 lbs. only. It flew only 2 feet
above the surface of earth & could retain in air only for one minute but it was highly unstable
Quadrotor.
In 1920 another development was made in world of Quadrotors, second copter in 1920 was
introduced by Étienne Oehmichen known as Oehmichen No.2 [4], this was first stable Quadrotor
which could fly at distance of 360m and remained in air for about 7 minutes and 40 seconds. Within
the same year another copter was made for the use of US army but this was discarded due to its
instability. Roughly after thirty years in 1956 Dr. George de Bothezat and Ivan Jerome introduced a
highly stable & practical copter for the use of US army containing two engines. In past few decades
several advancement are introduced in Quadrotor there size is reduced noticeably along with high
level of stability [5].
A. Working Concept of Quadrotor
Quadrotor is an under actuated, dynamic vehicle with four equal size rotors at ends of four equal size
rods, it produces four input forces to lift the vehicle with 6 degree of freedom [6]. It is very well
designed cross structure vehicle whose cross structure is very delicate & thin but shows robustness
because of mechanical linkage of motors. Propellers are connected with each motor through electronic
speed controllers. Each rotor will have to produce the specific amount of Torque & thrust, which could
be achieve by changing the pitch & rotation of one or more than one rotor & this will help them to lift
the quadrotor as shown in Figure 1 below.
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Fig. 1. Rotors on Quadrotor

As it is shown in Figure 1, rotor 1 & 4 are performing the rotation in clockwise while 2 & 3 are
counter clock wise thus in this way they can generate the sufficient Downward Thrust which could
lift the quads upward. Unlike helicopters Quadrotors use symmetrical pitched blades for upward
motion.
B. Objectives
Initially the copters were introduced with an aim of lifting the weight & used by militaries only but
after few decades of their development other departments also start to use them for their tasks, such
as, firefighting department start to use the copters to take the image of fire captured areas before
sending the rescue there, so that one can easily realize the sensitivity of conditions inside the fire
captured areas, they are also used commercially to take pictures & film videos in weddings especially.
These are also used whether monitoring department, agriculture department etc.
C. Advantages of Quadrotor Over Scaled Helicopters
There are many advantages to Quadrotor over other fixed & flapping wing rotors:
12-

34-

For varying the pitch angle of rotor when copter spins its does not need any mechanical linkage
which makes its design simple & easy maintenance of vehicle [7].
Quadrotor uses four rotors which are small in diameter & occupies small are than helicopters.
Due to small size rotors they also require less amount of kinetic energy for take-off & during
flight too which reduces the risk of damages caused when something hit to rotor.
It can enter in such areas & capture the images where difficult for human to enter [8].
Due to use of electronic sensors & control systems in modern copters, made it affordable &
easy to design.

D. Application of Quadrotor
Recently researchers have focused on various applications of UAVs [9-30]. Some applications are
discussed below1. Research Platform: Quadrotor is one of the helpful apparatus for researchers to evaluate & test
multiple concepts in fields like Flight Control, robotics & Navigation. In running year several
international universities used Quadrotors to perform different tasks such as carrying load,
capturing images etc.
2. Military & Law Enforcement: Due to its simple design & flexible nature it can be used for different
purposes, as it can also be used in Military & law enforcement for Surveillance & and for
transporting the military sorties.
Commercial Use:Quadrotors are widely used for commercial use such as for capturing the images
which is not only good job for it because of its autonomous nature but also money saving. It can also
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be used for delivering the goods, for carrying the load & for capturing the images of weddings &
celebrities.
3. Investigating Purpose: Since Quadrotor is small in size and light in weight, they can get into places,
where people cannot get into like caves, holes, tunnels, etc. In 2014, in Tamil Nadu, India
Quadrotor was used to investigate the granite scam. Investigators used Quadrotor installed with
camera and sensors to get in the tunnel and find the granite in it.
E. Paper Outline
Our paper is arranged as follows: In Section 2, existing work about the UAVs (Quadrotor) is discussed.
In Section 3, modeling with different controller and mathematical formulas for motion of rotors are
explained. In Section 4, a detailed description about the proposed methodology is given. The
simulation of the model for the PD and PID controller is done and the performance of the system for
the controller is studied. Finally Section 5 concludes our work and gives future suggestions.

II.

LITERATURE REVIEW

This section presents the background survey of the existing literature on optimal control and quadrotor control.
Earlier, the problem of vertical flight was solved by introducing quadrotor. In 1917 after the 14 years
of invention of airplane Elmer Sperry introduced an aircraft which was self- stabilizing & contained
barometer, gyroscopes & servo motor controls as their main components, but it was controlled by
human after its successful take off. After this Hewitt-Sperry introduced an automatic airplane which
was capable of fly in air 48 kms away from the surface of earth & drops the bag full of sand when
3.2km away from the pre-defined target [31]. The first completely-controlled, unmanned, & automatic
flight flew in 1918 by Curtis-Sperry Flying Bomb, it was proposed by a car & flew up to the 900m
distance approximately [32].
Several drones were tested & developed in period in between First World War & Second World War,
such as larynx was tested in between 1927 – 1929 by Royal Navy, after this in 1931 another drone
wad introduced by a British company known as Fairey Queen is was RC-drone (radio-controlled), in
1935 the modified version of “Queen” was introduced known as “DH.82B Queen B”, in 1955 the
drone named Model 1001 was developed by Beech-craft for the use of US Army. The serious research
& development over UAVs were started after the initiation of 2nd world war when US Army actually
concerned about losing their number of pilots in wars & in hostile territories. In 1946 US Army
transformed the B-17 Flying Fortress into the RC-Drone. As initially it was four engine heavy bombers
Boeing B-17E introduced in United State by Boeing who took his first successful flight in July 1935.
After converting into Drone it was controlled by a transmitter installed into jeep & on another B-17,
during takeoff it was controlled by transmitter on jeep & during landing by B-17.
After this the drones were began to use in different wars such as cold war, first Gulf Persian war in
which they were used by Israelis [32].
From past few decades the increasing need of quad captors especially for military, law enforcement
& commercial use, has led to rise the research for improving the capabilities of Quadrotor. Researchers
are improving the Quadrotors day to day by making them advance in fields of multi-craft
communication, environment exploration, and maneuverability [33]. Some modern Quadrotor are:
Bell Boeing Quad Tilt Rotor, Parrot AR,Drone, Anteos, and Nixie.

III.

MODELING

A. Kinematics
Following assumptions have been considered [34]:
1. Un-flexible and uniform arrangement
2. Quadrotor’s center of gravity corresponding with origin of static frame of body
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Hard and un-flexible propellers
Speed of push and strain are relative to the square of propeller’s speed
Before discussing the quadrotor’s modeling, we start with the discussion on the coordinate frames
which will be considered so on. Figure 2 represent the frame of reference of a quadrotor. In this figure,
x,y,z variables represent the frame of body, where N, E, D variables represent North, East and
downward consequently. It is clearly shown in figure 2, that frame of body locate at the center of
quadrotor. The x-axis, y-axis, and z-axis points the 1st propeller, 2nd propeller and 3rd propeller
respectively.
3.
4.

Fig. 2. Reference Frame of Quadrotor

The absolute position of the quadrotor’s can be calculated as P=[x y z] T. Quadrotor’s attitude signifies
the rotary motion of body frame with the inertial frame. RM is rotation matrix derived from the product
of three basic rotation matrices, represent in Eq. 1.
Cocθcosψ sinφsinθ cosψcosφ sinθcosψ + sinφsinψ
RM= cosθsinψ sinφsinθsinψ + cθcψ cosφsinθsinψ – sinθcosψ (1)
– sinθ sinφcosθcosφcosθ
The angular kinematics is given in Eq. 2.
θ= � �̇
(2)
Where � is the transpose matrix representing in Eq. 3.
1
0
−sin �
� = 0 cos � sin � c
0 −s
���
(3)
��� cos � cos
�
B. Dynamics
Rotating sub-system (roll, pitch and yaw) and intermediary sub-system (elevation in x and y location)
are known as the two subsystems of the motion of the quadrotor [34].
Newton Euler method is applied to find out the general formula called ad revolving equation of motion.
�= � � + � ∗ � � + �
(4)
Where:
� = Diagonal inertia Matrix of quad-copter
� = Angular rate of body
� = Gyroscopic moments due to inertia of rotors
� = Moments of quad-copter w.r.t the body frame
The motion of quad-rotor in terms of the rotational equation may be depict as [59]:
�= � � + � ∗ � � + � ∗ [0 0 � � ]�
(5)
Where:
� Inertia of rotor
� Relative speed of rotor i.e., � = −S1 + S2 − S3 + S4
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The inertia of rotor is represent through diagonal matrix shown in Eq. (6), where all zero are because
of regularity of the quadrotor, and other elements are the ineria’s product.
E00
Di =0 E 0
(6)
00E
Aerodynamic force F and moment M produced by the ith rotor of quadrotor [35] is shown in Eq. (7),
and Eq. (8) respectively.
� ��� � �
(7)
� ��� � �
(8)
Where
ρ
= density of air
A
= area of blade
� , � = coefficients of aerodynamic
r
= radius of
blade �
=
speed of the rotor i
Eq. (7) and Eq. (8) can rewrite as,
�� �
(9)
���
(10)
Where � represent the aerodynamic force constant, � represent aerodynamic moment constant and
� represent the angular speed of rotor i. The whole moment on x coordinate is:
�
= �� (−�
+�)
(11)
Moreover, using right-hand-rule on the y coordinate of body frame, propel of rotor 1 produces
+ve moment, whereas propel of rotor 3 produces a –ve moment. Therefore whole moment on (12)
y coordinate is:
�= �� (�− � )
However, on z coordinate moment is generated due to the motion of rotor and it could be
calculate as:
�= � (�− � + �− � )
Merge above three Eq. (11), Eq. (12) and Eq. (13).
�� (−�+ � )
�=�� (�− � )
The translation formula of motion depends on Newton’s 2nd law, which is ermined
[34]:
𝑄 𝑑̈ = 0+ ���
��

(13)

(14)

(15)

Here � = [���] distance of Quadrotor from the inertia of frame
�
Mass of Quadrotor g
acceleration of gravity (i.e., g
=9.81m/� )
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�� Non-gravitational forces applied on the quadrotor in the frame of body. In Eq. (16), 1st and 2nd
vector rows are zero values because of null force applied in x and y direction. While, 3rd vector row is
the summation of the thrust forces produced through four propellers. Moreover, -ve sign shows that
the thrust is moving in upward direction.
For obtaining errorless and practical model that should be utilized in simulation, aerodynamic effects
should be considered. Practically, aerodynamic effects can be classified as drag forces and drag
moments [36]. The drag forces � can be expressed as:
� = � �̇
(17)
Where � represents constant matrix known as the coefficient values of aerodynamic, and �̇ represents
the position vector. It implies that the additional force is applied on the quadrotor. Thus, Eq. (15) can
be rewrite as:
0
� �̈ = 0 + ���− �
(18)
� �
Drag moment � applied on the quadrotor would be expressed as:
� = � �̇
In Eq. (19), � represents constant matrix and �̇ represents the rate of Euler.
Therefore, the revolving equation of motion (i.e., equation 3.5) would now be
expressed as:

(19)

� ��̇ + � × � � × [0 0 � � ] = �− �
Mostly DC motors are used in quadrotor because of large amount of torque
and low friction.
Using Kirchhoff's voltage law, the below expression can determine as:
� = � �+ �
+� �

(20)

(21)

In Eq. (21), � represents motor's resistance and � represents motor' s inductance of the ith motor, �
represents the current of armature, � represents voltage and � is the constant of motor torque which
produces emf, e. The inductance of quadrotor could be ignored because it do not depend on large
motor. Thus equation 21 can be expressed as:
� =� �+� �
(22)
� =
(23)

Going onto the mechanical expression
� �̇ = � − �
(24)
In Eq. 24, � represents the torque generated by the motor that is equal to � . � represents the electric
constant of motor. For small motors it is nearly equal to � . � represents torque produced through
propeller system. Replacing the equations of � and � gives:
� �̇ = �

−� �

(25)
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Now, voltage would be denoted as a function of velocity as follows:
�=

� �̇ + � � + � � �

(26)
The rotor dynamic can be estimated as 1st order log transfer function with gain and time using
MATLAB [14] and was obtained as :
�(�����) =
(27)
In equation 27, � represents actual speed of rotor and � represents commanded speed of rotor.
Brushless DC motor mostly has unique fixed controllers and operates according to PWM signal. RPM
of the rotation of the motor directly varies with supplied voltage. This correlation may be identified
by a black box detection method for the propeller pair & motor.
For making commanding issue easier to handle state space model will be formed from obtained
mathematical model. X-state vector of the quadrotor is described in Equation (28)
� = [� � � � � � � � �
�
�
�
] (28)
Eq. (28) can be depicted with degrees of independence shown in Eq. (29),
�= � �̇ � �̇ � �̇ � �̇ � �̇ �
�̇
(29)
The � vector represents the situation of the quadrotor in space. Control-Input-Vector � comprising
of 4-input; � 1 to � 4 be expressed as:
� = [� 1 � 2 � 3 � 4]
(30)
Where,
� 1 = � (� + � + � + � )
(31)
� 2 = � (−� + � )
(32)
� 3 = � (� − � )
(33)
� 4 = � (� − � + � − � )

(34)

Above equations i.e., Eq. (31) to Eq. (34) will be set in a matrix structure as shown
in Eq. (35).
� 1

� � �
�
⎡
⎤
�
� 2 ⎢ 0 −� 0
⎥
=
0⎥
� 3 ⎢ � 0 −� −� ⎦
� 4 ⎣ � −� �
Speed of rotors could be measure through Eq. (36) obtained by reverting Eq. (35).

(35)
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Speed of rotor in given direction can be determined through following Eq. (37) to Eq. (40):

Moment on quadrotor could be calculate through Eq. (41).
� = ��
��
�

(41)

Angular accelerations will be calculated using Eq. (42)

̈
̇

IV.

̇

RESULTS AND DISCUSSION

In this section, we will discuss the result of quadrotor model that we have made with four controllers
including elevation, head, location, and PID controllers. We will present the result analysis with
different required height and varying simulation time. We have performed simulation using a well
known tool i.e., MALAB and simulation parameter values were considered same from
[37].
A. Proposed Methodology
Figure 3 represents the methodology used for simulation and analysis. Control System used in this
study is Proportional Integral Derivative (PID) Control. Although PD control treats precisely with
exceed and buzzing problems linked with relative control. It does not treat the difficulty with the
steady-state error. Luckily, it is potential to remove this while using comparatively little gain by
accumulation of an integral term to the gain.

Fig. 3. Proposed Methodology

B. Quadrotor with 4 Controllers
Figure 4. illustrate the complete designed model with four controllers.
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Fig. 4. Block diagram of quadrotor with four controllers

Following equations are used to calculate rate of motion for rotors needed to flow the quadrotor.
��=4∗ �
(43)
��=4��
(44)
In Eq. (44), � represent the angular velocity of ith rotor. So, four forces are applied on quadrotor to
bring it in upward direction. Eq. (36) is used to calculate the speed of these four rotors. When � was
support to the open circle activity (� through� ), it was observed that state factors such as: x, y, z, θ,
Φ, Ψ and their derivatives were set aside zero value. The height of quadrotor was altered via increasing
speed of rotors. Similarly, move, pitch and yaw are achieved with altering the speed of four rotors.
These experiments verify the correctness of the inferred model and the decency of an open circle
activity. Also, fundamentals of rotors are integrated with control input computation. After that we
extend and integrate an elevation, heading, and location controllers.
1. Elevation Controller and Heading Controller
The elevation controller takes e (input signal) that is difference between the 𝑅 (required elevation) and
z (real elevation), and 𝑈 , 𝑈 , 𝑈 signals will be produced. Whereas, heading controller takes e (input
signal) that is difference between the required roll 𝑅ɸ, required pitch 𝑅 and required yaw 𝑅 and their
real values are ɸ, θ, Ψ respectively. This generate 𝑈 as output signal.
2. Location Controller
The location controller controls the position of quadrotor. It takes location in x and y coordinates from
transactional subsystem which will be calculate using following equations:
� ̈=
(sin �∅ sin �+ cos �∅ cos � sin
�)
(45)
� ̈(cos �∅ sin � sin � − cos �
sin �∅ )
(46)
It produces required pitch � and required yaw � values. As the quadrotor is working in the region of
hover, thus we can select small values for � , and � respectively. Let we assume sin �∅ ≡ �∅ , sin �
≡ � ��� cos �∅ ≡ cos � ≡ 1 to simplify the above equations,
�̈
=(�∅ sin � + � cos �)
(47)
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� ̈ =(� sin � − �∅ cos �)
(48)
Eq. (47) and Eq. (48) can rewrite in matrix style, and we get:
−sin � − cos � �∅
=
(49) cos � −sin � �
�∅ −sin � − cos �

�̈
�̈
�̈

=
�
�∅

cos � −sin �
�̈
−sin � − cos � � ̈

(50)

=
�

cos � −sin �

�∅

−� ̈sin � −� ̈ cos �

�̈

(51)
=
(52)
�
� ̈ cos � −� ̈ sin �
°
In our simulation, we have set values for 𝑅∅ , 𝑅 in the range of −20 and 20° using saturation function
for satisfying the above assumption of having small values. However, all input signals to controllers
are e to the state of quadrotor and results output signals such as 𝑈 𝑡𝑜 𝑈 and 𝑅∅ , 𝑅 .
3. PID Controller
In our research work, we have integrated PID controller with quadrotor to control its height. PID
controller provides required input signals to quadrotor. Figure 5. illustrate the sketch diagram for a
PID controller.

Fig. 5. PID Controller Block Diagram

PID controller generates � input signals using Eq. (53).
� = � (�−� )+� �̇−�̇+� ∫(�−� )��
(53)
Where,
� Proportional gain
� Required height
� Derivative gain
�̇ Rate of change in required height
� Integral gain
Furthermore, PID controller generate � signal to control the roll angle Φ of quadrotor using Eq. (54)
� = � (�∅ −∅ )+� �̇∅ −�̇ +� ∫(�∅ −∅ )��
(54)
Where,
�∅ Required angle to roll
�̇∅ Rate of change in required angle to roll
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Also, PID controller controls the pitch angle θ of the quadrotor through generating 𝑈 signal using Eq.
(55).

C. Simulation Result
𝑈= � (�− �) + ��̇− �̇
+ � ∫(�
− �) ��
+ � ∫(�
− �) ��
+ � ∫ �− � ��

(55)
(56)
(58)

Where,
� Required angle of pitch
�̇ Rate of change in required angle of pitch
Moreover, it control yaw using Eq. (56).
�= � (�− �) + ��̇− �̇
Where,
� Required angle of yaw
�̇ Rate of change in required angle of yaw
After achieving height control, location of quadrotor is controlled by using Eq.
(57) to Eq. (58) .
� ̈ = � (�− �) + � (� ̇ − �̇) + � ∫(�− �) ��
(57)
� ̈ = � � − � + � � ̇ − �̇
Where,
�
Actual location in x coordinate
� Actual location in y coordinate
�
Required x
location � Required
y location
� ̇ Rate of change in required location for x
coordinate � ̇ Rate of change in required
location for y coordinate
We have used an adaptive technique to select gain for PID controller with required height � . Since, we
could not observe steady state error with simple PID controller, thus we have converted it with using PD
controller via selecting integral gain � equal to zero. For simulation, PD gain values such as � ,� were
generated with an adaptive tuning technique using following equations:
� = � (�−� )+� �̇−�̇+� ∫(�−� )��
(59)
�̇ (�) = � �(�) �̇ (�) = � �(�)�̇(�)
(60)
Where � ,� are +ve constant values
We have analyzed performance by varying required height and simulation time. Firstly, we set required
height � equal to -2m and varies simulation time equal to 2 second. Figure 6 illustrate displacement in z
direction verse time and Figure 7 illustrates velocity in z direction verse time.
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Fig. 6. Displacement VS Time

Fig. 7. Velocity VS Time

Figure 8, and Figure 9 shows results with required height � equal to -2m and varies simulation time equal
to 10 second.

Fig. 8. Displacement vs Time

Fig. 9. Velocity VS Time

Then, we set required height � equal to -4m and varies simulation time equal to 10 second. Figure 10
illustrate displacement in z direction verse time and Figure 11 illustrate velocity in z direction verse time.
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Fig. 10. Displacement VS Time

Fig. 11. Velocity VS Time
Finally, Figure 12 shows result for PID Response with variable required height � varies simulation time equal to 25 second.

Fig. 12. PID Response

V.

CONCLUSIONS ANS FUTURE WORK

A. Conclusion
The aim of our research was to develop a mathematical/precise way for the quadrotor. We build up a
controller based method which can be used to alleviate situation/condition of quadrotor such as height,
heading, location. We have validated the performance of proposed controllers through simulations. In the
existing work, we have found that most of the work has not considered the all external effects applied on
quadrotor, such as dynamics of rotors. Therefore, we designed model with four controllers including
height controller, heading controller, location controller, and PID controller. It was combined with PD
parameters through self tuning technique. The performance analysis was done using well know tool i.e.,
MATLAB. Simulation was done to assess the performance of used controllers and evaluate their
performance using different inputs. Self tuning technique was used to tune the parameters and constant
values. Moreover, dynamic responses of the proposed system like resolving time was done using self
tuning method. All four controllers operated on the edge operations of quadrotor in the limit of 0 ∼ 20◦
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of height and heading. Simulation results shows that the used method with PD controller and self tunning
gives better performance.
B. Future Work
In future, we will extend our work and analyze the PD controller in other applications such load fall
application and supposing actuator breakdown environment. Then, we will compare it with other
controllers. Moreover, it can be analyze with using derivative in the replacement of used required height.
In this way, it may be improve the performance of quadrotor. Another situation may be the robustness of
proposed technique in the presence of wind which is the very common and possible problem for quadrotor.
Moreover, in some of real application, consideration of accurate value for parameters may be not
acceptable. Therefore, it will be better to design a method to check the uncertainties of the system. This
could be done by combining with integral values. It may be give a countable improvement in real time
applications. Last but not least, we will do hardware based analysis of our proposed technique in future
work.
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